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sqitUKY 

A  Mthod  !•  d«Ttlop«d  for  oo^putlng  tht  gr—XsuX  lovor  bound  for  tbo 
rarlABOO  of  unblMod  oftljutoi  of  vsTOfom  pomotort,  vtaon  tho  vsTofora 
Is  obsorrsd  In  sddltlTS  Oousslnn  nolso. 

lbs  grsstost  lovsr  bound  is  ^proaclastoly  srraluntod  la  srrsral 
illustrstlTs  sasas.  Tbs  vsTsfom  psrsastors  oeeurrlnc  In  tbsss  szaaplss 
ars  asqplltuda,  tlas  dalsgr,  and  doppisr  shift. 
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I.  imODUCTION 

Th«  tiibj^et  eonsldtr»d  if  tb«  iahartnt  aeeuraey  vlth  vbleh  tbs  parm- 
■■rtar*  of  a  vartfora  (^aorrad  la  addltlT*  OauaaiaQ  aolM  oan  bo  ostlaatod. 
Uoo4vai*d^^^  oooaldoro  a  opoolal  eaao  of  this  probloa,  uoloc  approach 
baaod  on  a  paotorlorl  probabillt/.  Tbo  approach  to  bo  followod  horo  Ic 
baoot  on  roaulto  In  ctatlotlcal  ootiaation  thoory  eonoomlnc  tho  groatoat 
lovor  booad  for  tho  ▼arlanoo  of  octiaatoo  of  otatlstlcal  paraaotoro.  Boforo 
prooooAlng  to  a  aoro  procloo  foranlatlon  of  tho  problca,  It  lo  conToaiont 
to  coHMurlco  thooo  roaolto  of  ootiaation  thoory.  Iho  foUovlag  io  a 
oanary,  in  a  notation  and  in  a  fora  oonroniant  for  tho  '>ropoood  application, 
of  roaulto  oootainod  in  Rofo.  2,  5,  and  t,  or  of  roaulto  vhioh  can  bo 
dhtaiaod  by  atraightfonrard  gonoralication  of  thooo  roforoncoa. 

Lot  Xl  bo  a  aaiylo  apaoo  vlth  points  u>  ,  and  lot  ^  bo  a  aoaauro 
dofinad  OB  /"L .  Lot  TV  bo  any  oot  of  point#  (finito  or  infinlto)  eallod  tho 
paraaotor  oot,  vlth  iadirldual  points  donotod  by  %  .  Lot  |p  for 

€  TT  bo  a  faaily  of  probability  doaaitioo  in  TL  vlth  roopoet  to  tho 
Booauro  Lot  f(S)  doaoto  a  roal  ralaod  function  of  ^  .  Vo  call  a  real 
raadcB  Tujriablo  ^(w)  an  onbiaaod  oatiaato  of  f(]?)  if 


Rov  pick  acBO  paraaator  raluo  5^  (vhioh  vo  any  intorprot  as  tho  truo 
raluo  of  and  oonaidor 
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vk«r«  f.l.b.  — am  frtat«at  loMvr  b«und  f'u*  aill  ^  Mtlsfylnf  (l).  Any  ^ 

MtUfylng  (1)  vhleh,  vhnn  t  -  hna  rarlnne*  •qunl  to  i 

la  enllad  an  unblanod  aatiaata  of  f(li)  vhleh  la  locally  boat  for  X  •  t  . 

o 

Ilov  lot  ua  aoppooo  that 

f  for  all 

o(!.VlT„)  -j - -  d^<oo,  (3) 

n 

(Vo  auppoao  tho  Intocrand  to  bo  deflnod  alaoat  oraryvhoro  In  A.)  It  la 
aaay  to  ahov  that  0  (  'S ,  |  )  -  1  haa  tho  property 

C  \  0(5..  5  )  -  1  I  =  0  (4) 

IJ-l  ^10  J  ^ 


for  any  eholoo  of  roal  nunbora  a^  and  pointa  (  TT . 

Lot  ua  alao  donoto  by  X  tho  difforoneo  botvoon  any  tvo  aaaauroa  oror 
IT  .  of  vhieh  aaalcna  vol^ht  to  only  a  finite  (but  othorvlao  arbitrary) 
aot  of  pointa  of  TT  .  In  other  vorda,  if  f  la  any  function  of  I  ^ 


f(S)  dMV 


TT 


aa 

C 

i-1 


(5) 


vhoro  a^  ara  roail  (poaltlro  or  nofatlTo)  nuebora. 
Then 


2 

^  gib 


B  1 . u .b . 


j''|a(5.'5'|5o)  dX(?)  dA(f*) 
TT  TT 


(6) 
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vbwrt  tb«  l.u.b.  Maas  l«v«at  ufpar  bouad  armr  all  poaaibla  A  vhiek  aaalgn 
Mn-aara  v«l|;ht  ta  at  laaat  cm  point  af  TT  . 

Alaa,  it  can  ba  ahmm  that  thara  axiata  a  aafoanea  >uoh  that 

tba  qnaatlt/  in  braakata  an  tha  rl^t  aida  of  (6)  approaahaa 
aa  n  — y  oe  ,  and  aneh  that 

lia  I  Q(I,1’  1  r)  dX^“^!')  -  f(l)  -  f(1  )  (7) 

TT 

t 

In  a4ditiOB, 

{f.tji  •  li»  J  /o(l,!'  1  t,)  0  x‘”'(I)  dx‘”’(|')  (8) 

*■*"  TT  TT 

.  Ua  fff(!)  .  t(J  )]  dX‘”’(T) 

TT 

It  ia  ^pairant  froa  (7)  that  thia  aafuanaa  tha  propartj 

that  lin  fd  A^”'  ( 1 )  =  0  •  (Ja»t  lat  5  ■  1.  in  (7 ). )  Hora<r'ar,  if 

va  ean  find  a  function  (or  ganaralisad  funetloo)  A  orar  TT  (not 
nacaaaarily  anaifniag  vaight  to  only  a  finite  nx^>ar  of  point# )  auoh  that 

Jod.t' I  l„)  dX(j')  .  f(|)  .  f(I^)  (9) 

TT 

than,  vafiar  canain  oooditiooa, 

■  J  /'“»•»■  1Jo>  '*»*'>  (10) 

TT  IT 

•  j  [»($)  -  f(T„)]  dX(J) 

TT 
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(Th«  condition  under  which  this  holds  is  that  /  7  dX(?)  can 

be  defined  as  an  element  of  the  closed  linear  inanifold  determined  by 

the  faaiily  of  randos  variables  |  pT>»*  O  |  mean  f(y)  - 

with  respect  to  dP(<^,T),  and  having  varlaice,  with  respect  to 

dPC'^tT  ),  equal  to  the  right  side  of  (10).  ) 
o 

It  Bust  be  expected  in  general  that  one  would  only  be  able  to 
find  a  sequence  of  functions  satisfying  (7)  in  the  llsiting  sense, 
although  there  are  some  cases  in  which  (9)  can  be  solved  in  closed 
form.  Inability  to  solve  (9)  exactly  should  not  trouble  one  too 
much  in  practical  cases,  however,  since  a  lower  bound  for  the 
quantity 


i  satisfying  (1) 


(11) 


A 

is  obtained  by  inserting  any  A  ,  satisfying  (5)«  into  the  quantity 
in  brackets  on  the  right  side  of  (6). 

Another  fact  important  for  applications  is  that  if  A  is  any 
generalized  function  satisfying  the  above  mentioned  conditions 
(and  therefore,  in  particular,  if  A  satisfies  (5)  and  is  such 


that 


/dX(I) 

TT 


■  0),  then  the  expression 


^  Ja(r,t'  i  T^)  dA(J)  dX(T') 
TT  TT 


is  equal 


to  (T 


for  any  f  of  the  form 


f(f) 


G(T.I' 


5o^ 


d\(j'  ) 


constant . 


TT 
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Tht  MltttlM  X  or  }  to  Iq.  (9)  w  (7)  vlll  in  dtytad 

•n  5^. 
o 

Bov  tugppoM  tkot  a  fanlly  of  otookaotle  prooooMS  is  dof intd 
■wTMjintlM  fonlly  |^dP(«4»,|)i  of  noaourto  ovar  tlM  oaiQla  fpaeo 

n  .  Alto  wiyaao  that  if  a  tvBaot  8  of  A  baa  lare  ■aaiwra  for  taj 
OM  of  tba  ■oaavroa  dPCuitY) ,  thon  it  haa  saro  aaaanrt  for  all  4P(*^i1) . 

•iloot  aay  partiealar  point  in  IT  .  Ihon^^^  thoro  oriat  oon* 
nofativo  fanetlaaa  1  I  tnoh  taat  for  aax  ■oaaurablo  aubaot  8 
of  A  , 


t  )  dP(u).  t  ) 
o  o 


(12) 


If  VO  aat  dfi  ■  dJP  ( 5^)  in  tho  abovo  oquvtiona,  thon 

0(1.1'  I  1,)  -  jp(«.  $  I  1^)  p(‘J,1'  I  J^)  dP(w,  1_j)  (IJ) 

n 

Ono  oaj  alao  aek  what  eetliLator  actually  attains  tht  minliLum 

▼arlanco,  at  5  1  of  uobiaaed  eetlr^tas  of  f(5).  Tht  ansvtr  is  that 
0 

it  Is  that  tlenent  of  tht  linear  manifold  dsttrmlntd  by  the 
family  of  random  Tariablta  whose  mtan  with  rtsptct 

to  dP(u>,f}  is  f(().  Sinct  p(^t  T  )  T^)  can  often  bt  evaluated 
(eta  £q«  (25)  below),  it  ie  poeeible  in  many  caeoe  to  p:ive  the 
Dinimua  variance  estimator. 


II.  BTDUnOX  Of  UATlFOfM  PABANRBS 
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Ltt  {P(t,  b«  a  faaily  of  roal-Taluad  funetloos  of  tla*  t,  vtaara 
$  raagas  orar  umm  Mt  TT  .  aiqpoM  that  iz(t))  is  a  (rsal)  Oaaasiaa 
raadsB  proosis  dsflnod  orsr  tbs  tlas  Intsrral  c  t  ^  j  harias  bmui 
tsro  and  eorarlaaos  function  \^^(s,t)  .  (Statlsaarlty  is  not  rsqulrsd. ) 
Supposs  that  vs  obssrrs  fuaetioiis  t(t)  orsr  ths  Intsrval  ■  t  «  T^t 
vhsrs 

*(t)  ■  x(t)  ♦  r(t,t)  (i4) 


Vs  viU  sralsats  ^  for  sons  situations  of  this  hind. 

•  o 

first,  supposs  and  ars  fialts  axid  that  ix(t)}  is  continuous 
in  ths  Bsan  orsr  [Tj^,T2]  ithsn^^^, 


x(t) 


(15) 


vhsrs  and  si«snTaluss  and  (orthooonsal ) 

sifsafunotions  of  ths  intsipral  squation 


V(8) 


!/,(•.  t)  y  (t)dt  . 


In  (15  )f  cooTsrgsnts  is  in  tbs  swan  for  tvsry  t  in 
iUso, 


x(t)  y  (t)dt 


(16) 


(17) 


Ths  randoB  variablss  x  ^  azs  indspsodsnt  and  nomallor  distributsd  vitb 
Bsans  ssro  and  standard  dsriations  imity. 


7 


vUl  al«o  tuppoM  tkat  far  aath  f  in  TT  , 

0* 

V«1 


(18) 


tb«  convtrgaaca  in  polntvlet  «e  well  os  in  mean  square  in 


T 

|3y(|)  •  /  ^  F(t,t)  I4l^(t)dt  . 


(19) 


Ha  alao  aappoaa  that,  far  aaah  {  in  TT, 


v«l 


(20) 


t(t ) 


.  s 


Vv(‘> 

sfK 


(21) 


‘v  • 


*v  ♦ 


(22) 


va:/ 


*(t)  y^(t)dt 


Tha  Jalat  daaaity  fuaetion  (vlth  raapaet  to  Labai^M  aaaaura )  of 


^1******N 


gjj  ( *2^  t  •  •  •  •  ) 


(2*^) 


-N/2 


'  jj  2^ 

•>9P  -  -  i  g  [*v  -  j 


(23) 
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Wt  Mor  rtcu4  c^.e^****  **  o^Mrraklt  ooordlz^t«s  of  th«  •toehMtlt 

proe«st  . 


Also,  vlth  probsbilltj  ont'^  , 
pK»  1  t  )  .  11. 

N->oo  I**'*  N>*o' 


Thus,  by  (23), 


I  5^) 


X 


\-^ti 


j-E  ..vr„[s 


GsBMtusntly, 


I  5  )  p(u).  V  [IJ 


X  ‘v  ?v<*o^  -  pv<f>  -  ?«<»■>]} 


Thus,  by  (13), 


Q(1.'5'|?o5  - 


1& 


(24) 


(25) 


(26) 


(27) 


X  ‘xpjE  [p,(5)  -  p^(5)  ,9^(!„)  .  p^Ct')  p,({jj 


It  is  possibls  in  many  cases  to  express  G(|S,^'  ?  )  in  a  more 

o 
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•oanaiMt  fora: 

MtUfiat  Ut  Utafnl  nMetlM 


k(8,^)d8 


-  F(t.^) 


(28) 


Bart  k(8,t)  !•  ptxalttad  to  eoat4dJi  «  flnlta  nuabtr  of  dtlta  functiont 

of  rariout  ardtra. 

Iban,  uodar  eondltlooa  vhleh  vlll  ba  otatad, 


V.l 


r(t, ?')  k(t,?)  dt 


(29) 


To  aliiw  thia,  eooaldar  tha  foUoirlag  linaar  pradlttion  probloa:  lat  q(l) 
ba  a  raadaa  Yariabla  dafiaad  oo  XL  tuoh  that  qCDhaa  taro  aaan,  fi^ta 
Tariaaaa,  and  auch  that 

B  [q(!)  x(t)]  .  F(t,?)  (30) 


Such  a  randoa  rarlabla  axiott  by  (20).  iC  X  danotat  tba  axpaatad  value 
of  tiM  quaatlty  in  braekata. 

Lat  q(t)  ba  a  raadoa  raz*labla  aueh  that 

(l)  q(S)  la  a  linaar  aparatloo  over  ^  raadoa  proeasa  {x(t)}  { 


(ll)  q('^)  BdaiBlaaa  B  |^q  -q(1)^  ^ 


fear  all  linaar  opajratlona 


A 

q 


Otar 


By  'linaar  oparatlCQ  on  {z(t)^  otar 


Tariabla  of  tba  fora 


oc 


2 

<  oo. 


la  Baant  any  raadoa 


whera 
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Nov , 


(6) 


V»1 


(31) 


Alvo,  q(^)  !■  firtn  by 


q 


(?) 


r  ^  x(t)  k(t,j)dt 

1 


(32) 


prorldivd  tha  intagratioo  In  (32)  if  lagltlaata  and  proridtd  tha  aatlafaetion 
of  (26)  la  a  auffieiant  condition  that  q(?)  glvan  by  (52)  alnlaiaa 
E  -q(?)3^  equation  (29)  !■  than  aatabliahad  by  calculating 

E  [q(5)  q(?')]  . 

(7 ) 

T)Mra  la  a  larga  lltaratura  on  tha  aolutlon  of  tha  Intagral 
aquation  (26),  and  In  aany  oaaaa  tha  coodltlona  of  validity  of  (29)  can  ba 
aatabliahad. 

Ona  apaolal  caaa  la  tha  foUoving: 

Suppoaa 

Tif  /  A  •C|6*t| 

V^(o,t)  =  d  e 

Than,  danotlng  ^  Fd,?)  by  r’(t,?),  etc., 
k(t,5)  -  ^  F”(t,?)] 


(33) 

(3^^) 

i  (t-T^) 

^  (t-T^) 


Thus, 


oo 


I] 

v*l 


U 


(35) 


r  T 

-  ^  \  J  ^  [r(t,i)r(t,?')  ♦  ~  F'(t.5)r'(t.i')]  dt 
♦  ^  F(T^.^)r(T^,l')  ♦  i  FCT^.^FCT^.l')  I 


Om  TiMMCOMhlM  rvpraMntAtlon  for  'vhlto  ooIm'  of  spoetral  dozulty 

H  !•  ZK»lM  hoTljac  a  eorarlanM  fuaction  glran  bj  (53)  vlth 
0 

H  -  —  (36) 

o  0 


and  e  and  d  rtrjr  larga. 

(55)  ajud  (27),  for^x(t)^  vlth  oorariaace  fxmctlon  glrao  by  (53) 


iflth 


I  and  c.d  ->  o*  , 
O  »  -r  f 


U«  a(!,t'  1  *5^)  •  «*p-l 


2^ 

N 


I 

/. 


^  F^(t,r)dt 
o 


(37) 


T  T 

*  F(t,'S)r(t,^' )dt  F(t,5)F(t,  f^) 


dt 


-  r  ^  F(t,?')F(T.  5^)dt 


It  la  raaaonabit  to  auppo««  that  a  cIom  appraxlnatloo  to 
aaa  bo  ohta.lnod  for  this  eaoo  vlth  rory  largo  c  and  d  by  inaorting  0  aa 
glron  by  (5?)  into  (6),  though  thla  aooaa  difficult  to  proro  rigoiroualy. 
Aaotbor  caao  in  which  0  nay  bo  rv^oatod  la  aa  followa:  lot  the 


intorral  of  obaoz^tion  bo  tho  vholo  roal  axla  -  c  t  3  00 


,  and  lot 
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{z(t)}  b«  stAtlonary  vlth  ooaitant  tiwctral  danaltj  onrtr  0  ^  f  «  W 
and  Mro  tp^etral  tensity  for  f  >  W.  Also  suppOM  that  for  osch  t  « 

7(t,  t  *  Fonrior  transfim  vtxloh  ya^lsbas  for  If  |>w. 

Than,  th«  proeoat  uay  b«  rocarted^  ^  aa  bainc  tetaminad  by 

tba  raodoa  rarlablaa  .  Thaaa  ara  indapandant , 

normULy  dlatrlbutad  raxtlon  variablaa  vlth  naana  F(t^;  1  ),  vhara  *  *1^  « 
and  standard  darlatlona  N^W.  Wa  obtain  the  raault  that  Q(S,l'  |  f^) 
la  given  araatiy  by  tha  rlg;ht  aids  of  (S?),  vlth  =  -  <»  and  «  “>  . 

To  raeapitulata  vhat  can  ba  accoagpllahad  by  using  the  abora  axpraaalooa 
for  0:  by  Inaartlng  any  function  X  aatlafylng  (5)  lato  tha  quantity  In 
braekata  on  tha  right  aids  of  (6),  ona  obtains  a  lovar  bound  for  tha 
varlanea,  at  ,  of  unblasad  aatlnatas  of  f(f);  also,  If  X  la  any 
ganerallzad  function,  *  than 

1  S^)  dX(r)dX(5')  ie  «qual  to 

TT  TT 


for  any  function  f  of  tba  fom 


f(S)  *  I  '5Q)d\(l5')  conBtaat, 

TT 


A  posslbla  ooaputatlonal  proeadura  for  approxlaatlon  of  o‘ 
la  to  aalaot  n  polnta  frcai  TT  ,  and  aolva  tha  eqwtlons 


»lb 


12  0(5,. ’il 
>1  ^ 
n 

n^cn  tha  function  X-  XZ 

i-1 

on  tha  right  site  of  (6). 


t  )  a,  -  f(S,  )  -  Kf  )  (58) 

o  J  1  0 

% 

-  )  could  ba  Inaei-tad  Into  tha  braekata 


*satlafylng  oartain  conditions  nantlonad  in  Saetlon  I  «  Including 
the  condition  J'dXi^)  =  0 
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III.  IVALUATIOI  OF  <r^  1  f  5  \  IN  3P1CIAL  CASK 

W«  vlll  fuppoc*  from  nov  on  that  tha  Intarral  of  ouMz*vation  and  the 
nolaa  procaas  |x(t)j  ar«  aueh  that  la  glvan^  or  rary 

eloMly  approKlaatad,  by  (57)  vlth  <»  . 

Suppoaa  flrat  that 

r(t,^)  *  ocF(t-r)  (39) 


vhara  o'  balozvga  to  aone  raal  noo-oagatlTa  intarval  A,  and  t  balon^a  to 
aoaM  flnlta  raal  intarral  ^a,  b]  .  Hara  (ct,r);  JT  =  diraot  product  of 

A  and  [^a,  b]  . 


Than 


vhara 


R 


oO 

j  F^(t)dt 

-  oo 


(40) 


(41) 


H(t)  h  axp  I  R  ^(t)^ 


ao 


r(t)F(t^r)dt 


r) 


ffO 


/ 


F^(t)dt 


(42) 


(43) 
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Iq^tioiui  (9)  (10)  b« 


H 


(r-f)]  ®  d\*iV)  •  [H(r-r)]  °  \j{\)  -  f(^^)]  (kk) 


TT 


where 


-°tVoc, 


dX*(^')  -  e*^  [H(r'-r^)]  °  (JX(V') 


and 


^  gib  ^ol 


ocoi'/^^ 

H(r-I')]  °  <iX*(!)dA*(r) 


(^5) 


TT  TT 


A.  FUKl  AMPUTUDI  BTIMATIOW 

SuppoM  In  (59)  that  T  it  knovn,  mad  hencw  any  without  lo«r.  of 
gWMrallty  b«  takwn  wqual  to  toro.  Alto  tuppott  A  It  nonnltgtntrtta  and 
that  a(  it  Intarior  to  A. 

O 

Thut,  0  it  glYtn  by  (Vo )  with  X  =  r'  =  X  *  0. 

o 

Lit  f(T)  =  «<•  .  Theii  (4^)  becocee 


I 


[h(0)]  ®  dA*') 


OC  /- 

[H(a)]  ° 


(o(-  OC  ) 

o 


(46) 


Thie  1/3  solved  (since  H(0)  =  e”)  by 

2 
I 

dX*(oc)  , 


u 


•c 

$  (o(-«  )  -  QC  ^(o(-a  ) 

R  000 


da 


(4?) 


vhart  })  and  art,  rttptctlvaly,  the  delta  function  and  Itt  derlvatlYe; 

that  It,  for  any  function  g(a)  differentiable  at  a  , 

o 


/ 


c(<f)  S'  (of-«  )  d« 
o 


*=  jT  g(«  )  ^  (a- a^)  da  n  g(a^) 
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Thuf,  fr«i 


(H5)  vlth  f  (f )  «  «  , 


2 


(48) 


or 


o 


0d«  intorottlnc  foaituro  of  this  rosult  is  ths.t  tbs  snsvsr  is 
indspsndsnt  of  A,  ths  «*priori  rsac*  of  raristion  of  <x  ,  proTi4s^  A  is 
noo»Ascsnsrsts .  This  bmshs  that  dsorsasio^  A  doss  not  dscrsass  tbs  ■1nl«i 
srror  rarianss  of  unbiassd  sstiaatss  of  »  —  io  othsr  vords,  if  oos  has  an 
unbiassd  sstinats  attaininc  tbs  rarianss  (49)»  and  than  if  A  is 

dsCTsassd,  oos  eannst  uss  this  inersass  in  a-prlori  inforasition  to  pronrids 
an  unbiassd  sstiaats  of  dsortassd  rariancs. 


B.  PUKB  TPg-CKLAY  ISTIMATIOH 

In  this  oaas  vs  vili  supposs  that  F(t;t)  is  girsn  by  (S9)  but  that 
ac^  is  kacfVB,  so  that  TT  »  [s,b]  ;  t  .  Thus  0  is  girsn  by  (40)  vith 
aCm  ec'  *  %^«Vs  vili  dsrirs,  undsr  csrtain  oonditiooS;  an  asy^ptotio 
sxprsssioQ  for  ®  **  ^  approach  infinity,  for 

esrtain  funstisos  f  for  vhioh  f  (r)  x  z  . 

Vs  vili  first  assxass  that  Z  >  0  ;  tbs  ansvsr  for  gsnsral  r  vili 

o  •  o 

bs  bbtalnsd  by  a  aix>or  aodifioation  of  ths  rssult  for  r  ■  0  .  Undsr 

o 

tbs  assussd  conditions,  vs  sust  solre  for  dX*(T)  ths  stuation 


H(r-r')  d>»(x') 


[f(r)  -  f(o)]  H(r) 


(50) 


Also 
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^  IK  *  « 

gib 


J  [f(r)  -  f(0)]  H(T)  d\*(T) 


lot 


Wo  first  BOko  tho  foUorlns  dof Initioos: 


L(T)  =  H(X)  -  1 


Wo  sssuBS  thot  L(t},  Z  L{z),  aad  T^L(r}  aro  intograble  error 
Also  lot 


^f(u) 


M 

L(T)dr 


—  00 


It  Is  not  hard  to  shov  that  ^(u)  is  a  roali  strictly  positiro 


u  .  Wo  vill  ovq^so  that 
Hov,  lot 


^(u) 


is  intograblo  oror  (- 


dX*(x)  *:  m(t)  dT  ♦  -  dr  -  1  dT 

^  ^(0) 


whore 


k2  2 

b  -  a 


2  ^(J)  [fAO)  ♦  b  -  u] 


and 


K(u) 


-  00 

-lur  , 

9  ^ (t )d  r 


l/'(u) 

iCiu) 


K(u) 


-  00 


-  ouch  as  o 


-ku 


(51) 

(52) 

(-  O',  ‘») . 

(55) 

function  of 
w, «  ) . 

(54) 

(55) 

(f5) 


vhoro  K(u)  is  a  function 


which  insuros  that  N(u)  has 
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th«  MetiMry  lxit«crabillty  propart to  Justify  tb«  foUovlnc  rtaps,  but 
for  vbleh  tlM  Tourlor  trassfora  is  oloaa  to  a  dalta  fuaetlon.  Wa  obtain 

J  H(r- r')dX*(T' )  .  rH(X)  ♦  ramalnder.  (57) 

a 


lha  ratlniar  tara  can,  aaa— ^  -  oo,  b-^>o*,ba  aada  vary  oloaa  to  saro 
asaapt  for  raluaa  of  T  naar  tha  and  pointa  a  and  b. 

Also,  ualnc  (%)i  va  obtain  vitb  tba  aid  of  Paraaral'a  foxaula 


L(T)drJ- 


•f 


3^(0) 


4/(o)[je(o)  4  b 


(:»8) 


(a«  a  -a  -  o« «  b  o«) . 


It  is  olaar  that  if  T  ■  0,  OT^,.  {f,'C  1  can  ba  obtixinad  from  (58) 

o  gio '  o 

sliVly  by  raplaeinc  a  and  b  raspactlvaXy  by  a-T  ,b>r  in  (56). 

o  o 

It  vill  ba  aatioad  that  tha  tarn  dapanding  on  [a,  b]  inoraasas 
as  (b-a)^.  On  tha  othar  band,  tha  astiaata  *  ^  *or  X  vould  hava  bias 
(T  •  -  )^  but  vould  hara  naan  squara  arror  not  graatar  than  ^  (b  -  s)^. 

Thus,  ahan  B  is  so  snail  that  tha  a-priori  ranga  of  variatioo  of  r  is 
tha  aain  faster  datarmining  atan  squara  arror,  tha  raquiraaant  of  unblasadnsss 
is  elaarly  disadrantagaaus .  On  tha  othar  hand,  if  B  is  larga  axxough 
that  asan  squaxo  arror  is  aath  saallar  than  (b  -  a)f  as  vill  ba  trua  in  aost 
aaaas  of  intarast,  ooa  vould  axpaet  00  Intuitiva  grounds  that  any  optiaua 
astiaata  baaad  oa  a  raasooabla  eritarion  /ould  ba  appraalaataly  uabiasad 


P-I4^ 

e-25-5fi 

18 


vlMtt  tk*  4-pri*rl  Aistrikutira  of  I  «nr»r  [a,  b]  la  kJMfvm  aad 
oan-unlfoorB).  Th«  t«ra  In  (9t)  dopandtnt  on  [a,  b]  It  uttful  chltfly  at 
a  erlttrlon  for  hov  largt  R  tbouLd  bt  in  ordtr  that  tht  trror  rariaata  b« 
tfftotlTtly  Indtptndant  of  (b  -  a). 

In  aany  eattt  of  Inttrttt  tht  paraMtar  raluat  vlU  ba  luah  that 


O' 


2 

gib 


du 


(59) 


It  it  tbarafort  of  Intarait  to  araluata,  approotiaatalor,  tha  azpraotion  oo 
tha  rifht  tida  of  (59)<  Thia  hat  baan  dona  in  a  nunbar  of  oatat  in  Baf.  9« 
Hara  va  viU  ■Itply  raeapitulata  tha  roaolta: 

Cata  1 

Hara  it  vlU  ba  attuaad  that  p(r)  ,  dafinad  by  Bq.  (43),  it  giran  by 

p(r)  «  pir)  cot  uj^r  (6o) 

vith,  for  aaall  z, 

f>(Z)  ^  1  -  I  (61) 


than,  for  ■uffieiantly  larga  R, 


oo 


-  00 


for  <A>  «  0 

o 


(62) 


R6‘ 


for  i*>  >  >  /y  and 
o  ' 


2R(3‘ 


>  >  1 


to 


RW 


u)^>>3  and - - 

°  2R|>^ 


for 


<<  1. 


F-U66 

a-25-58 

19 


to 


TteM  rttults  ean  b«  intcx^rtt^d  m  follow* :  for  - r  >  >  1 , 


th*  r**ult  1*  th* 


2Rp< 

*•  for  U)  B  0  ,  that  1*,  It  1*  th*  r**ult  d*t«rBin*d 


by  th*  *aT*l*p*  p(z)  ;  for 


2V 


<  <  1 1  th*  r**ult  1*  that  aa*oeiat*d 


with  a  •iBU*oi4al  fin*  itruetur*  of  fr*qu*iioy  to  .  tbm  traaoltloo  occur* 


w; 


at 


2R^ 


^  ~  1<  that  la,  vh*n  th*  ■lnl«u*i  •rror  standard  doriatloti 


aa*ociat*4  with  th*  tnrtlop*  boeoa**  rofttfhly  equal  to  th*  v*T*l**(th  of 
th*  fin*  rtruetur*  of  p  (t)  . 

Ca**  2 


B*r«  Vi  aaaua*  p(T)  t*  b*  glrmn  by  (60),  but  with 

fix)  •=  1  -  t  ixl 


(63) 


for  X  near  th*  orlfln. 

Then,  for  •uffleiootly  larf*  R, 


-R 
• _ 

2Tr 


iftu) 


du  ::r 


-00 


for 


CJ 


(64) 


2R 


V 


for  u>^»  V  and  —  >>  1 


Rt*>" 


1 

for  u)^  >>  V  and  <.  <  1 


for  to  >  >  y  and  !!!2.  ^  <  1 

0  ^  ^ 


RY 


R 


vl 

C 


vt 


if 

n 

th 


! 


in 

•i 

ta 

•  ( 

r*( 

In^ 
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It  vould  b«  postlbl*  to  earry  out  suoli  the  Bam  tort  of  analyBls  4ft  In 
Rftf .  9  for  of  thft  for* 

p(T)  B  co«u)^T  ♦  ^2^^^  ftinu^t  (65) 

vhftro  4aA  ^  ezptoidtd  In  a  sultahlft  —nntr  at  tha  origin. 

C.  PURI  D0PPU8  SHUT  KSTDIATIOH 

Bftrt  it  la  aftftuaad  that 

r(t,S)  =  •  r(«  t)  (60 


vhara  f  >  ?  . 

Thft  paraifttftr  IT  la  a  Baftaura  of  tha  'doppLar  shift.'  For  axaaplft, 
if  vft  arft  dftallng  vlth  a  rafleotftd  radar  algnal  fz^  a  targat  aorlng  vlth 
radial  raloeity  r,  and  if  vo  aftsuaa  -  to  ha  aaall  (e  •  valoeity  of  light ) 

C 

2t 

than  approKiaataly  ^  ~  . 

It  viU  haneoforth  ba  aaawad  that  tha  a-pziori  raaga  of  rariation  of 
I?  is  a  raal  intaz^ral  ^a,  b]]  ,  and  that  )a\<<l,  \bl<<l. 

Vz 

Aa  factor  e  oultiplying  F  nakaa  tha  total  z^ealrad  anargy 
indapandant  of  tha  ralua  of  S  .  This  vould  not  actxislly  ba  tha  easa, 
ftiaea  tha  raeairad  anargy  actually  vould  ba  graatar  for  approaching 

V- 

targat  ft  and  lata  for  racading  targata.  Hovarar,  tha  factor  •  aakaa  for 
a  graat  aiaplifiaatioB  in  tha  aathaaatica,  so  It  viU  ba  asaunad  that  tha 
racaivad  anargy  ia  in  fact  ix^pandant  of  9  .  In  caaaa  of  practical 
intaraat,  thia  asauaptioD  probably  has  littla  affaet  on  tha  caloidatad 
ralua  of  tha  alnlaua  rariaziea  of  anbiasad  oatiaataa  of  f(^)  . 

Wa  rataia  tha  assiagition  that  0  can  ba  obtained  from  (57)  vith 
r^x  «o  ;  tha  raaxilt  is  aa  foUova: 
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Lrt 


F  (t)dt 


Tbfln 


0(5) 


/«» 

I F(t)r(«’t)dt 


/ 


F  (t)dt 


H(^)  ■  exp  0(S)^ 


0(5,5'  5  ) 

o 


e  H(5-  5') 


H(5-  5^)  H(S*- 


(67) 


(68) 


(69) 


(70) 


It  It  Mtn  that  thla  It  of  pjrocittlor  th«  ttJM  fora  at  Iq.  (tO)iflth 
axcopt  that  5  «  5*  art  tubatltuttd  for  Z  and  tht 

dtflnltloo  of  H  it  flTtn  by  Iqt.  (67),  (66),  and  (69).  Thtrtfort,  tht 
dktTtltpaoBtt  of  part  B  can  bt  foUewtd,  finally  rttultiog  in: 

Lot 


L(5)  *= 

H(5)  -  1 

(71) 

^(  u)  ■ 

J  e"^^^  L(5)d5 

(72) 

-  » 


2 

than  ^  grtattst  lovtr  bound  for  tht  rarianot  of  atadCljr  ahbiatod 

artiaatat  of  5  vbtn  tht  trua  ralua  it  5^  ,  it  giran  afproaliiattly  by 
Iq.  (58)  vith  tubttitatad  for  a,  b,  and  of  count  with 

tba  naw  dafiaitiont  of  dC(u),  L(5),  R,  etc. 
la  particular  far  auffieiaatly  larga  R, 
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oc 


gib 


'  fir 


.,2 
^  ( u) 

(  U  ) 


du 


(7jJ) 


►  30 


V«  vlll  now  turn  to  th«  oraluation  of  0it)  in  a  larga  claaa  of 
caMS.  Naatly,  v«  aaauaa  F  of  tb«  fora 


F(t) 


F,(t)  cos  t  ♦  F^(t)  Bin  u)  t 

1  o  2  o 


(7^) 


It  can  then  b«  aatabliahod  vlth  aaow  •laaantajry  trl^onoattrlo 
Identities  that 


(?(?) 


V2 


c» 


/ 


(  t )  dt 


(75) 


F  (t)dt 


vhora 


^  Fi(t)ri^«^t)  I  coe^u)^(e^  -l)tj  ♦  cos|^u;^(*^  ‘Dtj  |  (76) 

♦  ^  F2(  t  t )  I  cot^u)^(*^  -l)tj  -  cosj^u)^(t^  ♦l)t^  I 

♦  ^  F^(t)F^(9^t)  I  8in|^uj^(e'^  -l)t^  •*  sln|^u>^(s'^  ♦  1 )  t J  | 

-  r2(  t  )K^(t'^t )  I  Bin^^(e^  -l)t^  -  8in|^uj^(e’^  ♦  1 ;  t J  | 

nius,  ^(f)  can  be  readily  eraluated  for  caees  In  vhicb  the  Fourier 
transforas  of  F^(t)  F^^  (e  ^  t )  and  ^  t)  and  of  F^(t )  F^(e  ^  t) 

and  F2(t)  Fj^(e^t)  are  knovn. 

Also,  In  Bost  eases,  if  Is  sufficiently  large,  the  teras 

Inrolrlng  ^  1 )  t  can  all  be  neglected . 


As  un  illustration,  suppose 


F^(t) 


r 


F2( 


9  xp 

0. 


-■I  aV 


{.ooi  %  i  00  )  (77) 
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,  •lno«  I  I  it  alvajs  M«uMd  <  <  1 


Jl(5)  2:  exp 


i.|3' 


-R 

e _ 

2  ir 


-  00 


2 

du  c  ^ 

i  XX )  R  u>^ 

o 


and  aatuadas  >  >  ^  , 


(78) 

(79) 


It  !•  also  not  difficult  to  obtain  the  result  for 

F^(t)  .  exp  i  {^  "  I 

for  exaaple. 
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A  propoiitlon  vhleh  any  be  of  um  In  eralujitlon  of  Q  or  of  o  is 
ns  follows: 

Suppose  and  art  finite  and  {x(t))  it  continuous  in  th.£t  aean 
oT.r  [Tj.tJ  . 

Let  be  a  sequence  of  sett  of  points,  6^  eonsittine  of  the 

points  . .  belonging  to  the  Intervsil  Let 

be  the  union  of  and  the  set  consisting  of  the  points  and 

Let  be  the  length  of  the  Baxiaua  interval  between  neighboring 

points  of  ,  siad  suppose  A  — ^  0  aa  n 
n  n 

Let  the  aatrioes  [.^i° ^  ^ ^  nonsingular  with  aatrix 

inverses  (  ^ )  • 

Then 

00 

E  C  >l‘"’  F(t<"\s)  (80) 

1/  *  1  U"#  ^  I  J  ^ 

To  show  this,  conaidtr  tht  liotcLr  pr«di«tion  problM  Introduood  In  thm 
proof  of  ff.  (29).  It  can  be  shovn^^^  that 

qCJ)  =  1.1. «.  tl  ’ll’’’  r(t'"',S)  (81) 

n  -►  »  1.1=1  J 

Equation  (60)  then  foUovs  frosi  cocqputing  E  |^q{5)  q{5')J 
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